Abstract -In the present paper, an exact difference scheme for the initial boundaryvalue problem of the third kind for an inhomogeneous hyperbolic equation of the second order with constant coefficients has been constructed on ordinary rectangular grids with constant space and time steps, where the Courant number γ = a 2 τ 2 /h 2 = 1. Later we proved a priori estimates of the stability in energy norm. For a quasi-linear wave equation on the moving characteristic grid a difference scheme has been constructed, which has the second order of approximation for the initial boundary-value problem and is exact for the Cauchy problem. The computational results for smooth functions and for a weak solution confirm the high accuracy of the introduced algorithm. We have also constructed exact difference schemes for the Cauchy problem for a system of two hyperbolic equations of the first order with constant coefficients on grids with constant space and time steps, where γ = aτ /h = 1. Stability in energy norm for one of the constructed schemes has been proved. Using a method analogous to that used for the nonlinear wave equation a difference scheme for a nonlinear gas dynamic system has been constructed.
Introduction
By the exact difference scheme (EDS) is meant such a difference scheme for which either the error of approximation is equal to zero or its solution coincides with the exact solution in any grid node.
The first EDS (ayx) x,i = 0, a i = 1
approximating the boundary value problem for the second order ordinary differential equation (ODE) (k(x)u ′ (x)) ′ = 0, 0 < x < l, u(0) = µ 1 , u(l) = µ 2 was constructed and investigated by A. A. Samarskii more than 40 years ago [14] . Later EDS were constructed for much more general (including nonlinear systems of ODEs) onedimensional stationary equations [3, 7, 11, 15] . Concerning nonstationary equations, it is worth to mention the papers of J. B. Cole and R. E. Mickens [1, 2, 11] in which nonstationary finite difference schemes were introduced. It is also worth to note the paper of P. Matus et al. [8] where, using the special Steklov averaging to solve the Cauchy problem du dt = f 1 (t)f 2 (u), u = u(t), u(0) = u 0 , the following ESD was constructed:
tn f 1 (t)dt 1 y n+1 − y n y n+1 yn du f 2 (u) −1 , y n = y(t n ), y 0 = u 0 .
On the basis of this idea in [8, 9] stable exact difference schemes on rectangular and moving grids for one-dimensional and multidimensional transport and heat conduction equations (including nonlinear problems) were constructed. In the latter case, the EDS was constructed for solutions with decoupled variables u(x, t) = X(x)T (t) and for running waves, i.e., when u(x, t) = ψ(x − Dt), D is the velocity of the running wave.
For the wave equation with constant coefficients
the explicit difference scheme yt t = a 2 yx x is exact when for space and time steps the relation γ = a 2 τ 2 /h 2 = 1 holds. For the first time M. N. Moskalkov and A. A. Zlotnik paid attention to this fact. The EDS for the wave equation in the form (1.1) was discussed in monograph [11] and in papers [8, 9] .
The main goal of the present work is to construct an EDS for an inhomogeneous equation with third-kind boundary conditions on uniform rectangular grids and for the quasi-linear equation
on a characteristic grid whose nodes are the intersection of x + (t) and x − (t) characteristics of equation (1.2) dx ± (t) dt = ± k(u).
Unfortunately, the use of moving meshes for the wave equation have practically not been discussed [6] . This problem attracted the attention of the authors due to the fact that weak discontinuity of the generalized solution for linear and nonlinear wave equations moves along the characteristics [17] .
Using the method of characteristics, we have also constructed an exact difference scheme for the nonlinear gas dynamic system ∂ρ ∂t + ρ 2 ∂v ∂s = 0, ∂v ∂t + p ′ ρ ∂ρ ∂s = 0.
In approximating the unknown functions v and ρ, the fact is used that the Riemann invariants are constant along the characteristics
For the Cauchy problem for the acoustic system
we have constructed a stable difference scheme of the Lax -Wendroff type [18] and a difference scheme with central derivatives, which are exact when the condition for mesh steps γ = |a|τ /h = 1 is fulfilled. Under this condition the difference schemes are applied for solutions with shock waves.
Difference schemes for a linear equation with boundary conditions of the first and third kind
In this Section, the exact difference schemes for an inhomogeneous linear wave equation with boundary conditions of the first and third kind are constructed with the use of ordinary rectangle grids. For the third-kind boundary conditions, the integral equation of string oscillation is used to find the first-kind boundary conditions. Stability of the constructed difference schemes is considered.
Statement of the problem. On the rectanglē
we shall consider a mixed problem for the equation of string oscillation
with the initial conditions 2) and the boundary conditions of the first
or the third kind ∂u ∂x
To construct the exact difference schemes, we shall use the integral equation of string oscillation 6) valid for any closed domainḠ = G ∪ C ⊂Q T bounded by a piecewise smooth contour C. Equation (2.6) is frequently used in defining the generalized solution [12] .
2.2. Exact difference schemes for the first-kind boundary-value problem. In the domainQ T , let us introduce a rectangle grid with constant space h and time τ steps
On the introduced uniform grid we approximate the differential problem (2.1) -(2.3) by the symmetric difference scheme with weights using a special approximation for the second initial condition and the right-hand side [8] 
Above standard notations from difference schemes theory [14] are used
Lemma 2.1. Assume that the conditions
are fulfilled. Then the difference scheme (2.7) -(2.11) is exact [8] and stable [9] .
Proof. We shall confine ourselves to the investigation of the stability of the difference scheme with respect to the initial data and the right-hand side. To do this, we shall later assume homogeneity of boundary conditions (2.9): µ 1 = µ 2 = 0. Let us rewrite the difference scheme (2.7) -(2.9) in the operator form [14] Dyt t + Ay =φ,
where H is the space of the grid functions given on the grid ω h which vanish on the bound
For the three-layer operator-difference scheme (2.12) the following theorem holds [14] : if the operators A and D satisfy the conditions 13) then the operator-difference scheme (2.12) is stable and for its solution the energy inequality [5] max 0 k n
holds, where for R = R * > 0, y 2 R = (Ry, y), y ∈ H. Let us introduce in H an inner product (y, v) =
The operators A and D are self-adjoint and positive in the sense of this inner product [14] . For the difference scheme (2.7) the stability condition (2.13) leads to the inequality
which is fulfilled when for σ the inequality
is met. Taking into account the value of the norm of operator A = 4a 2 h −2 cos 2 (πh/2l) [14] for the exact difference scheme at σ = 0, γ = 1, condition (2.14)
is satisfied for any h.
2.3. Difference schemes for the third-kind boundary-value problem. Unfortunately, for the differential problem (2.1), (2.2), (2.4), (2.5) we cannot construct an exact difference scheme directly. Nevertheless, in the boundary nodes (0, t n ), (l, t n ), n = 1, 2, . . . , N 0 , using the integral equation (2.6), we can find the boundary conditions of the first kind exactly, and then we can use the EDS (2.7) -(2.11) to find the solution of the original differential problem (2.1) -(2.3).
Let us consider the following two possibilities: the characteristic curve x − (t) passing through the boundary nodes (0, t n ) can meet either the initial segment x ∈ [0, l], t = 0 (in this case at n l) or the boundary segment x = l (in this case at n > l). For the characteristic curve x + (t) passing through the boundary nodes (l, t n ), the situation is analogous. We shall first focus on the case at n l. Consider the integral equation (2.6) for the domainsḠ 0 ,Ḡ 1 shown in Fig. 2.1 .
.1. Integration domains
For the domainḠ 0 , according to (2.4), we get
where
differentiating formula (2.15) by the variable ξ ∈ [0, l/a] we obtain the ordinary differential equation of the unknown function u(0, ξ)
The exact solution of this equation is given by the formula [10] u(0, t) = µ 1 (t), (2.16) where
From (2.16) we get the first-kind boundary condition for any at l. Let us consider the the domainḠ 1 . In much the same manner we can find the boundary conditions of the first kind on the other bound
Let us now focus on the case where aξ > l. We shall carry out our reasoning for the point (0, ξ) shown in Fig. 2 .2.
F i g. 2.2. Integration domain
For the characteristic x − (t) passing through the point (0, ξ), we find the appropriate point (l, ξ 0 ), ξ 0 = ξ − l/a, on the right bound. Then for the x + (t) characteristic passing through the point (l, ξ 0 ) we find the point (0, ξ 1 ), ξ 1 = ξ 0 − l/a. Likewise, using the described reflection method, we find the points (
Here k is the least number that satisfies the relation aξ (k + 2)l. The value u(x k , ξ k ) is found by formulas (2.16) or (2.17). Next we find the first-kind boundary conditions for the points (x k−1 , ξ k−1 ), (x k−2 , ξ k−2 ), . . . , (l, ξ 0 ), (0, ξ), using the integral equation (2.6) for trapeziumsḠ k−1 ,Ḡ k−2 , . . . ,Ḡ 0 ,Ḡ. We shall consider how to find a solution for the point
Differentiating equation (2.18) by the variable ξ k−1 , we obtain the differential relation
, from which we find u(l, ξ k−1 ). Analogously we can find the boundary conditions of the first kind at the other points. In the described way for the differential equation (2.1) with the initial conditions (2.2) and boundary conditions of the third kind, we can find first-kind boundary conditions (2.3) using the formulas
(2.20)
Remark 2.1. Likewise, we can find µ 1 (t), µ 2 (t), when we have the boundary conditions of the second kind on one of the bounds. In this case, we should put σ 1 = 0 or σ 2 = 0 in formulas (2.19), (2.20).
Difference schemes for nonlinear equations
In the following Section, on the characteristic mesh we have constructed a difference scheme for a quasilinear hyperbolic equation. To approximate the values of the function u in the nodes of the moving grid, an integral wave equation is used. The points of the moving mesh are calculated by approximating the points of the intersection of the x + (t) and x − (t) characteristics. On the characteristic grid, a solution of the differential problem can be found exactly for the Cauchy problem. For the initial boundary-value problem, the difference scheme approximates the differential problem with order
(where h n i and τ n i are the differences between the space and time coordinates of neighboring nodes of the moving grid respectively), which is due to the approximation of the intersection points of the characteristics. The constructed difference scheme can be used for the class of nonlinear equations with a smooth solution as well as with a weak solution.
3.1. Statement of the problem. In the domainQ T let us consider the initial boundaryvalue problem
As in the linear case, we shall use the integral equation
Note that if the first derivative of the function u is continuous, then, using the Green formula, we can easily obtain (3.1) from (3.4). Equation (3.1) has two kinds of characteristics x + (t), x − (t) that fulfill the nonlinear relations dx
In this work, we also use derivatives along the characteristic directions (3.5)
3.2. Difference schemes on characteristic grids. Later we shall assume for simplicity that
Let us split the initial segment [0, l] into N equal intervals
To construct a grid, we first choose those x ± (t) characteristics which pass through the points of partition of the segment [0, l]. Then we take those passing through the boundary nodes, which are the intersection points of the bounds and the already chosen characteristics. The characteristic grid shown in Fig. 3.1 consists of the intersection points of the selected x + (t) and x − (t) characteristics. To construct appropriate algorithms for the characteristic grid, we shall use the approximation of the equations
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Hence we find the solution on the first time layer exactly:
To find the solution in the grid nodes for higher time layers, we use the integral equation bounded by the x ± (t) characteristic curves. Carrying out transformations analogous to (3.8), we obtain
Hence 
12)
13)
14)
15) 
20)
In this case, we cannot findτ Exact difference schemes for hyperbolic equations 353
Comparing formulas (3.9), (3.10) to (3.12), (3.15), we can easily see that if we define the error of solution by the formula
then z n i = 0 for all nodes from the curvilinear triangle whose sides are characteristics starting from points (0, 0) and (l, 0), i.e., for n = 0, 1, . . . , N, i = n, n + 1, . . . , 2N − n. In such a sense the difference scheme is exact for the Cauchy problem. Generally the difference scheme approximates the differential problem with order O(h 2 +τ 2 ), h = max
, which is conditioned by the approximation of the characteristic curves. that fulfills equation (3.1) with k(u) = u σ . In the experiment, we use the following values for the parameters l = 1.5, T = 2, σ = 1.5. For equation (3.24) , the x ± (t) characteristics have the form
for the characteristics starting from the initial nodes x 0 ∈ [0, l], and
for the x + (t) characteristics starting from the boundary nodes (0, t 0 ),
for the x − (t) characteristics starting from the boundary nodes (l, t 0 ). Table 3 .1 gives the error for the approximated solution y(x i ,t n ) and for the coordinates of the characteristic grid nodesx i ,t n in the uniform norm on the moving mesh obtained by using the difference scheme (3.11) -(3.23). 
F i g. 3.2. Characteristic grid and its approximation
We compare the results obtained by constructed difference scheme to the results obtained by ordinary iterative scheme (see last three columns of Table 3 .1) of the second order of approximation [14] s+1 y −2y +y
given on an ordinary rectangle grid with steps h h 0 = min 
whose first derivative is discontinuous along the x
The results obtained are shown in Fig. 3.3 and in Table 3 .3.
F i g. 3.3. Characteristic grid and its approximation for a weak solution T a b l e 3.3. Comparison between the error for the constructed scheme and the error for the ordinary difference scheme for a weak solution 
Exact difference schemes for the acoustic system
In this Section, two classes of exact difference schemes approximating a system of two hyperbolic first-order equations with constant coefficients have been constructed. The first difference scheme is based on the use of a Lax -Wendroff scheme and the second one is based on the use of ordinary central derivatives. For the scheme of Lax -Wendroff type, it has been shown that when the Courant number γ = aτ /h = 1, then the difference scheme is exact. It has also been proved that the scheme is stable with respect to the initial data for γ 1. The constructed difference scheme with γ = 1 is used to find an exact solution with shock waves.
Statement of the problem.
In the domainQ T = {(x, t) : −∞ < x < ∞, t 0}, let us consider the Cauchy problem for the system of equations
The exact solution of problem (4.1) -(4.2) has the following form [4] :
The acoustic system is hyperbolic and has two kinds of characteristics:
Along the corresponding characteristics the Riemann invariants r − = v − u, r + = u + v are constant, i.e., r
4.2. Difference scheme. In the domainQ T , let us introduce a rectangle grid
with constant space h and τ. On the introduced gridω we shall approximate the differential problem (4.1) -(4.2) by the difference scheme of Lax -Wendroff [18] type
We shall prove that if the Courant number γ = |a|τ h = 1, then the difference scheme (4.5) -(4.7) is exact (EDS). Taking into account that the initial conditions are approximated exactly for n = 0, we can rewrite equation (4.5) in the form
Note that if γ = 1, then x i ± aτ = x i±1 . Thus from formula (4.3) we obtain
Likewise, from equations (4.6), (4.4) we get
Comparing formulas (4.8), (4.9) and (4.10), (4.11), respectively, we conclude that is fulfilled, then the difference scheme is stable. Let us define the grid norm y C = max
Adding and subtracting equations (4.5), (4.6), we get the following relations for the Riemann invariants r
. Taking the maximum modulus of the grid function for all i = 0, ±1 ± 2 . . . and taking into account condition (4.12), we obtain the inequalities
Taking into consideration that v h = 0, 5(r
, we obtain estimates that are valid for any n = 0, 1, . . .
and express the stability of the difference scheme (4.5), (4.6) in the sense of the initial data.
Shock wave problem.
We shall use the constructed difference scheme to calculate discontinuous solutions. To this end, we shall consider the system of equations (4.1) with discontinuity of the initial conditions for an arbitrary domainḠ ⊂Q T bounded by the closed contour C.
Note that if the first derivatives of the functions v, u are continuous, then, using the Green formula, we can easily obtain the acoustic system (4.1) from (4.14), (4.15), i.e., in this case the functions v, u satisfy (4.1), (4.2) as well as (4.14), (4.15), (4.2) .
Let us find the velocity for the shock wave front [16] . The discontinuity curve x(t) is the curve that moves in the space with some velocity D(t). We shall use the integral equations (4.14), (4.15) to describe its motion. Let us introduce a contour AA ′ B ′ B within the contour C. The line P P ′ shown in Fig. 4 .1 is a piece of the discontinuity curve, so along P P ′ we have the following relation:
Let us denote the values of the functions v and u on the left and right sides of the discontinuity by v 1 , u 1 and v 2 , u 2 respectively. Our goal is to find the relations between these values. To this end, we use the integral equations (4.14), (4.15) for the AA ′ B ′ B contour. We are going to bring closer the left and right sides of the curvilinear quadrilateral AA ′ B ′ B so that they stay on different sides of the discontinuity curve. Then the integrals for the bases of quadrilateral AA ′ and BB ′ converge to zero. Thus, the integral equations for the AA ′ B ′ B contour can be written in the form
Hence we easily obtain the following relations for the discontinuity curve of the functions u and v: D(t) = ±a.
Since D(t) is parallel to the characteristic lines of problem (4.1), (4.13) on which the nodes of rectangular gridω for γ = 1 lie, the difference scheme (4.5), (4.6) can be used to find the values of the discontinues functions when γ = 1. 
, i = 0, ±1, ±2, . . . , which is an exact difference scheme when the condition for mesh steps γ = 1 is fulfilled.
Numerical experiment. Let us consider the functions
v(x, t) = − sin(x − 2t),
sin(x − 2t) + 1, x > 2t + x * , u(x, t) = sin(x − 2t) + 1.5, x < 2t + x * , − sin(x − 2t) + 0.5, x > 2t + x * , that are generalized solutions of problem (4.1), (4.13) with a = 2. Here x * is not a grid node. In the experiment, we take x * = 1. In Figs. 4.2 -4.5 we can see the exact solution of the differential problem and the solution approximated by the difference scheme (4.5), (4.6) for t = 0.24 and t = 1.04 respectively when γ = 1. In the experiment, the error of the method for the discontinuous function u(x, t) is 3.79471 · 10 −18 and for v(x, t) -3.76760 · 10 −18 . 
Nonlinear gas dynamic system
In this Section, for the one-dimensional nonlinear gas dynamic system we have constructed a difference scheme of the second order of approximation for the initial boundary-value problem which is exact for the Cauchy problem. The method of characteristics is used to approximate the unknown functions ρ and v directly. The slopes of the characteristics satisfy the eigenvalue problem ds dt = λ, where det (A − λE) = 0. Hence we get λ = ±ρ p ′ ρ . Therefore, the left eigenvectors which fulfill the equation lA = λ l take the following form:
Multiplying equation (5.5) by the eigenvectors l (1) , l (2) , we obtain a system of differential equations for the Riemann invariants r + , r 
